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Abstract A wheel graph is a graph formed by connecting a single vertex to all
vertices of a cycle of length at least three. A graph is called wheel-free if it does not
contain any wheel as a subgraph. In this paper, an extremal spectral graph theory
problem for wheel-free graphs is considered. Concretely, the maximum adjacency
(signless Laplacian) spectral radius of a wheel-free graph of order n is determined,
and the corresponding extremal graphs are characterized.
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1 Introduction
Let G be an undirected simple graph with vertex set V (G) and edge set E(G).
For any v ∈ V (G), let Nk(v) denote the set of vertices at distance k from v in
G. In particular, the vertex subset N(v) = N1(v) is called the neighborhood of v,
and dv = |N(v)| is called the degree of v. The adjacency matrix of G is defined
as A(G) = (au,v)u,v∈V (G), where au,v = 1 if uv ∈ E(G), and au,v = 0 otherwise.
Let D(G) = diag(dv : v ∈ V (G)) denote the diagonal matrix of vertex degrees of
G. Then Q(G) = D(G) + A(G) is called the signless Laplacian matrix of G. The
adjacency spectral radius ρA(G) and the signless Laplacian spectral radius ρQ(G) of
G are defined as the largest eigenvalues of A(G) and Q(G), respectively. In addition,
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E-mail address: yhua030@163.com (Y. Zhao), huangxymath@gmail.com (X. Huang), huiqi-
ulin@126.com (H. Lin).
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2for any n×n matrix M with only real eigenvalues, we always arrange its eigenvalues
in a non-increasing order: λ1(M) ≥ λ2(M) ≥ · · · ≥ λn(M).
For any S, T ⊆ V (G) with S ∩ T = ∅, let E(S, T ) (resp. e(S, T )) denote the set
(resp. number) of edges between S and T in G, and let G[S] denote the subgraph of
G induced by S. Let G− e denote the graph obtained from G by deleting an edge
e. Given two graphs G and H, let G∪H denote their disjoint union, and let G∇H
denote the graph obtained from G ∪H by adding all edges between G and H. For
any nonnegative integer k, let kG denote the disjoint union of k copies of G. As
usual, we denote by Kn, Pn, Cn and Wn = K1∇Cn−1 the complete graph, the path,
the cycle and the wheel graph on n vertices, respectively. Also, let Bk denote the
book graph with k-pages, and Ks,t the complete bipartite graph with two parts of
size s and t.
In 1986, Brualdi and Solheid [3] raised the following basic problem in spectral
graph theory:
Problem 1. What is the maximum adjacency spectral radius for a specified class of
graphs?
Let H be a set of graphs. A graph G is called H-free if it does not contain
any graph of H as a subgraph. Inspired by Problem 1 and the general Tura´n type
problem, Nikiforov [12] posed a spectral version of extremal graph theory problem
(Brualdi-Solheid-Tura´n type problem):
Problem 2. What is the maximum adjacency spectral radius of an H-free graph of
order n?
In the past few decades, much attention has been paid to Problem 2 for various
kinds ofH, such asH = {Ks} [10,17], {Ks,t} [1,10,13], {Bk+1, K2,l+1} [15], {Ps} [12],
{C2k+1} [11], {C3, C4} [9], {C4} [10, 20], {C5, C6} [19], {W5, C6} [21], {C6} [22],
{∪ki=1Psi} [4], {Cl : l ≥ 2k + 1} and {Cl : l ≥ 2k + 2} [6]. For more systematic
results on extremal spectral graph theory, we refer the reader to [14].
Very recently, Zhai, Wang and Fang [21] determined the maximum adjacency
spectral radius of a {W5, C6}-free graph of order n, and characterized the extremal
graphs. However, for some fixed integer k, it seems difficult to determine the max-
imum adjacency spectral radius of a {Wk}-free graph of order n. In this paper, we
consider the following problem:
Problem 3. What is the maximal adjacency spectral radius of a wheel-free (i.e.,
{Wk : k ≥ 4}-free) graph of order n?
As an answer of Problem 3, we prove that
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Figure 1: The graph F .
Theorem 1. Let G be a wheel-free graph of order n ≥ 4. We have
ρA(G) ≤ ρA(Hn),
with equality holding if and only if G = Hn or F , where
Hn =

n−1
4
K2∇n+12 K1 if n ≡ 1 mod 4,
n+1
4
K2∇n−12 K1 if n ≡ 3 mod 4,
n
4
K2∇n2K1 if n ≡ 0 mod 4,
(n−2
4
K2 ∪K1)∇n2K1 if n ≡ 2 mod 4,
(1)
and F is shown in Figure 1.
Furthermore, we consider the same problem for the signless Laplacian spectral
radius of wheel-free graphs, and show that
Theorem 2. Let G be a wheel-free graph of order n ≥ 4. We have
ρQ(G) ≤ ρQ(K2∇(n− 2)K1) = n+ 2 +
√
(n+ 2)2 − 16
2
,
with equality holding if and only if G = K2∇(n− 2)K1.
2 Preliminaries
Let M be a real symmetric matrix of order n, and let [n] = {1, 2, . . . , n}. Given a
partition Π : [n] = X1 ∪X2 ∪ · · · ∪Xk, the matrix M can be written as
M =

M1,1 M1,2 · · · M1,k
M2,1 M2,2 · · · M2,k
...
...
. . .
...
Mk,1 Mk,2 · · · Mk,k
 .
If Mi,j has constant row sum bi,j for all i, j ∈ {1, 2, . . . , k}, then Π is called an
equitable partition ofM , and the matrixBΠ = (bi,j)
k
i,j=1 is called an equitable quotient
matrix of M .
4Lemma 3. (See [2, 7, 8, 18].) Let M be a real symmetric matrix, and let BΠ be an
equitable quotient matrix of M . Then the eigenvalues of BΠ are also eigenvalues of
M . Furthermore, if M is nonnegative and irreducible, then
λ1(M) = λ1(BΠ).
Lemma 4. (See [5].) Let M be a real symmetric matrix with row sums R1, R2, . . . , Rn.
Let λ(M) be an eigenvalue of M with an eigenvector x all of whose entries are non-
negative. Then
min
1≤i≤n
Ri ≤ λ(M) ≤ max
1≤i≤n
Ri.
Moreover, if all entries of x are positive, then either of the equalities holds if and
only if the row sums of M are all equal.
Lemma 5. Let Hn (n ≥ 4) be the graph defined in (1). Then ρA(Hn) ≥ n+12 for
n 6≡ 2 mod 4, and ρA(Hn) >
√
n2−3+1
2
for n ≡ 2 mod 4.
Proof. If n ≡ 1 mod 4, we see that A(Hn) has the equitable quotient matrix
BΠ =
[
1 n+1
2
n−1
2
0
]
.
Thus, according to Lemma 3, we have ρA(Hn) = λ1(BΠ) =
n+1
2
. Similarly, for
n ≡ 3 mod 4 and n ≡ 0 mod 4, we have ρA(Hn) = n+12 and ρA(Hn) =
√
n2+1+1
2
> n+1
2
,
respectively. For n ≡ 2 mod 4, we observe that A(Hn) has the equitable quotient
matrix
BΠ =
 1 0
n
2
0 0 n
2
n
2
− 1 1 0
 .
By a simple calculation, the characteristic polynomials of BΠ is equal to
ϕ(BΠ, x) = x
3 − x2 − n
2
4
x+
n
2
.
Since ϕ(BΠ,
√
n2−3+1
2
) = n−
√
n2−3−1
2
< 0 due to n ≥ 4, again by Lemma 3, we have
ρA(Hn) = λ1(BΠ) >
√
n2−3+1
2
.
Lemma 6. Let n ≥ 4. We have
ρQ(K2∇(n− 2)K1) = n+ 2 +
√
(n+ 2)2 − 16
2
.
Proof. It is easy to see that Q(K2∇(n− 2)K1) has equitable quotient matrix
BΠ =
(
n n− 2
2 2
)
.
5Thus, by Lemma 3, we have
ρQ(K2∇(n− 2)K1) = λ1(BΠ) = n+ 2 +
√
(n+ 2)2 − 16
2
,
as required.
3 Proofs of Theorem 1 and Theorem 2
Observe that for a wheel-free graph G, the following two facts always hold:
Fact 1. For any vertex v ∈ V (G), G[N(v)] is a forest.
Fact 2. For any two distinct u, v ∈ V (G), G[N(u)∩N(v)] is P3-free. Furthermore,
if uv ∈ E(G) then G[N(u) ∩N(v)] is K2-free.
First we shall give the proof of Theorem 1.
Proof of Theorem 1. Notice that the graphs Hn and F are both wheel-free. For
n ≤ 10 and n 6= 7, by using Sagemath v9.1 [16], we find that Hn is the unique graph
attaining the maximum adjacency spectral radius among all wheel-free graphs. For
n = 7, there is another extremal graph F (see Figure 1), which satisfies ρA(F ) =
ρA(H7) = 4. From now on, we always take n ≥ 11 and assume that G is a graph
with maximum adjacency spectral radius among all wheel-free graphs of order n. We
assert that G is connected. If not, suppose that G1, . . . , Gω are the components of
G. Then we can add ω−1 edges to G such that the obtained graph G∗ is connected.
Notice that G∗ is wheel-free and ρA(G∗) > ρA(G), contrary to our assumption.
For any v ∈ V (G), let ωv and pv denote the number of components and the
number of vertex-disjoint copies of P3 in G[N(v)], respectively. Also, let d¯v =
|N2(v)|, and let Rv be the row sum of A(G)2 corresponding to v. Notice that Rv is
exactly the number of walks of length 2 originating at v. Thus
Rv = dv + 2e(G[N(v)]) + e(N(v), N2(v)) (2)
for any v ∈ V (G). Take u ∈ V (G) such that Ru = maxv∈V (G) Rv. We have the
following three claims.
Claim 1. Ru ≥ (n+1)2−14 .
Proof. By assumption, we find that ρA(G) ≥ ρA(Hn). If n 6≡ 2 mod 4, from the
Perron-Frobenius theorem, Lemma 4 and Lemma 5 we immediately deduce that
Ru ≥ ρ2A(G) ≥ ρ2A(Hn) ≥
(n+ 1)2
4
.
6For n ≡ 2 mod 4, i.e., n = 4k + 2 for some k ∈ Z, we have
Ru >
(
√
n2 − 3 + 1)2
4
>
(n+ 1)2
4
− 1 = 4k2 + 6k + 5
4
again by Lemma 4 and Lemma 5. Since Ru is an integer, we conclude that
Ru ≥ 4k2 + 6k + 2 = (n+ 1)
2 − 1
4
.
This proves Claim 1.
Claim 2. d¯u = n− 1− du, or equivalently, V (G) = {u} ∪N(u) ∪N2(u).
Proof. Notice that e(G[N(u)]) = du − ωu by Fact 1. According to (2), we have
Ru ≤ du + 2(du − ωu) + dud¯u ≤ du(d¯u + 3)− 2 ≤ (du + d¯u + 3)
2
4
− 2.
Combining this with Claim 1, we get
(n+ 1)2 < (du + d¯u + 3)
2 ≤ (n+ 2)2,
which implies that du + d¯u = n− 1 because du + d¯u is an integer.
Claim 3. pu ≤ 1.
Proof. By Fact 2, each vertex (if any) of N2(u) is adjacent to at most two vertices
of any P3 of G[N(u)]. Thus, if pu ≥ 2, we have
Ru = du + 2e(G[N(u)]) + e(N(u), N2(u))
≤ du + 2(du − ωu) + (du − pu)d¯u
≤ du + 2(du − 1) + (du − 2)d¯u
= −d2u + (n+ 4)du − 2n
by (2) and Claim 2. Combining the inequality with Claim 1 yields that
d2u − (n+ 4)du + 2n+
(n+ 1)2 − 1
4
≤ 0,
which is impossible because ∆ = (n + 4)2 − 4(2n + (n+1)2−1
4
) = 16 − 2n < 0. Thus
the result follows.
By Claim 3, it suffices to consider the following two cases.
Case 1. pu = 1.
In this case, we see that G has the following six properties:
(P1) du ∈ {n+12 , n+32 , n+52 } for n odd, and du ∈ {n+22 , n+42 } for n even;
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Figure 2: The graph G(a, b).
(P2) G[N(u)] = G(a, b) for some nonnegative integers a and b with a + 2b + 1 =
du ≥ 6, where G(a, b) is shown in Figure 2;
(P3) G[N2(u)] is P3-free, and so G[N2(u)] = cK2∪dK1 for some nonnegative integers
c and d with 2c+ d = d¯u;
(P4) e(N(u), N2(u)) = dud¯u − d¯u or dud¯u − d¯u − 1;
(P5) for any v ∈ N2(u) and P3 ⊆ G[N(u)], we have |N(v) ∩ V (P3)| = 1 or 2,
and for any fixed P3 ⊆ G[N(u)], there are at most one v ∈ N2(u) such that
|N(v) ∩ V (P3)| = 1;
(P6) each vertex of N2(u) is not adjacent to u0, where u0 is the central vertex of
G[N(u)] = G(a, b) shown in Figure 2.
For (P1), by Fact 1, Fact 2 and Claim 2, we get
Ru = du + 2e(G[N(u)]) + e(N(u), N2(u))
≤ du + 2(du − 1) + dud¯u − d¯u
= −d2u + (n+ 3)du − n− 1,
Combining this with Claim 1, we obtain n+3−
√
5
2
≤ du ≤ n+3+
√
5
2
. Considering that
du is an integer, we may conclude that du ∈ {n+12 , n+32 , n+52 } when n is odd, and
du ∈ {n+22 , n+42 } when n is even. For (P2), if G[N(u)] is disconnected, i.e., ωu ≥ 2,
we have
Ru = du + 2(du − ωu) + e(N(u), N2(u))
≤ du + 2(du − 2) + dud¯u − d¯u
= −d2u + (n+ 3)du − n− 3.
Combining this with Claim 1 yields that
d2u − (n+ 3)du + n+ 3 +
(n+ 1)2 − 1
4
≤ 0,
8which is impossible because ∆ = (n + 3)2 − 4(n + 3 + (n+1)2−1
4
) = −3 < 0. Thus
G[N(u)] is a tree by Fact 1. Furthermore, since G[N(u)] has exactly one vertex-
disjoint copy of P3 (because pu = 1), we immediately deduce that G[N(u)] = G(a, b)
(see Figure 2), where a, b are nonnegative integers such that a+ 2b+ 1 = du. Notice
that du ≥ 6 due to (P1) and n ≥ 11. For (P3), by contradiction, assume that there
exists some copy of P3 (say v1v2v3) in G[N2(u)]. As pu = 1, we also take u1u2u3 as
a copy of P3 in G[N(u)]. By Fact 2, each vertex of N2(u) is adjacent to at most two
vertices of {u1, u2, u3}, and there do not exist two vertices w1, w2 ∈ N(u)\{u1, u2, u3}
such that N(w1) ∩ N(w2) ⊇ {v1, v2, v3}. Thus we have e(N(u), N2(u)) ≤ dud¯u −
d¯u − (du − 4), and
Ru ≤ du + 2(du − 1) + dud¯u − d¯u − (du − 4) = −d2u + (n+ 2)du − n+ 3.
by Fact 1 and Claim 2. Combining this with Claim 1 yields that
d2u − (n+ 2)du + n− 3 +
(n+ 1)2 − 1
4
≤ 0,
which is impossible because ∆ = (n + 2)2 − 4(n − 3 + (n+1)2−1
4
) = −2n + 16 < 0.
This proves (P3). For (P4), if e(N(u), N2(u)) ≤ dud¯u − d¯u − 2, as in (P2), we also
can deduce a contradiction. Thus the result follows because we have known that
e(N(u), N2(u)) ≤ dud¯u−d¯u by Fact 2. For (P5), it is clear that |N(v)∩V (P3)| ≤ 2 by
Fact 2. Also, if |N(v) ∩ V (P3)| = 0 or there are two vertices v1, v2 ∈ V (N2(u)) such
that |N(v1) ∩ V (P3)| = |N(v2) ∩ V (P3)| = 1, then e(N(u), N2(u)) ≤ dud¯u − d¯u − 2,
which contradicts (P4). For (P6), suppose to the contrary that there exists some
v ∈ N2(u) such that u0 ∈ N(v). If a = 0, then b = du−12 , and we have |N(v)∩N(u)| ≤
b+ 1 = du+1
2
by Fact 2. Hence,
e(N(u), N2(u)) ≤ dud¯u − (d¯u − 1)− (du − |N(v) ∩N(u)|)
≤ dud¯u − d¯u − 1
2
(du − 3)
< dud¯u − d¯u − 1,
contrary to (P4). Similarly, if a ≥ 1, then |N(v) ∩N(u)| ≤ b+ 2 ≤ du
2
+ 1 and
e(N(u), N2(u)) ≤ dud¯u − (d¯u − 1)− (du − |N(v) ∩N(u)|) ≤ dud¯u − d¯u − du
2
+ 2.
Thus we have
Ru ≤ du + 2(du − 1) + dud¯u − d¯u − du
2
+ 2 = −d2u +
2n+ 5
2
du − n+ 1,
which contradicts Claim 1 because n ≥ 11.
According to (P2)–(P6), we see that G must be of the form G(a, b, c, d) or
G(a, b, c, d)− e, where G(a, b, c, d) is shown in Figure 3, and e is some edge between
N(u) and N2(u) in G(a, b, c, d). Notice that ρA(G(a, b, c, d)) > ρA(G(a, b, c, d)− e).
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Figure 3: The graph G(a, b, c, d), where the thickest line represents the connection
of all edges between N(u) \ {u0} and N2(u).
Subcase 1.1. b = 0.
In this situation, we have G = G(du − 1, 0, c, d) or G(du − 1, 0, c, d) − e, which
are both wheel-free. Thus we conclude that G = G(du − 1, 0, c, d) by considering
the fact that G has the maximum adjacency spectral radius among all wheel-free
graphs. Similarly, we claim that c = b d¯u
2
c and d = d¯u − 2b d¯u2 c, and so G = G(du −
1, 0, b d¯u
2
c, d¯u − 2b d¯u2 c) = (b d¯u+22 cK2 ∪ (d¯u − 2b d¯u2 c)K1)∇(du − 1)K1. Recall that
d¯u = n − 1 − du. Then from (P1) we immediately obtain all possible forms of G,
which are listed in Table 1. If n ≡ 1 mod 4, we see that A((n−1
4
K2 ∪K1)∇n−12 K1)
and A((n−5
4
K2 ∪K1)∇n+32 K1) have the equitable quotient matrices
B1Π =
 1 0
n−1
2
0 0 n−1
2
n−1
2
1 0
 and B2Π =
 1 0
n+3
2
0 0 n+3
2
n−5
2
1 0
 ,
respectively. A simple calculation yields that
ϕ(B1Π, x) = x
3 − x2 − n
2 − 1
4
x+
n− 1
2
,
ϕ(B2Π, x) = x
3 − x2 − n
2 − 9
4
x+
n+ 3
2
.
Since ϕ(B1Π,
n+1
2
) = n−1
2
> 0, we have λ1(B
1
Π) <
n+1
2
or λ2(B
1
Π) >
n+1
2
. We claim that
the later case cannot occur, since otherwise we have λ3(B
1
Π) < −n by considering
10
Table 1: All possible forms of G = (b d¯u+2
2
cK2 ∪ (d¯u − 2b d¯u2 c)K1)∇(du − 1)K1.
n mod 4 du d¯u G
1 n+1
2
n−3
2
(n−1
4
K2 ∪K1)∇n−12 K1
1 n+3
2
n−5
2
n−1
4
K2∇n+12 K1 = Hn
1 n+5
2
n−7
2
(n−5
4
K2 ∪K1)∇n+32 K1
3 n+1
2
n−3
2
n+1
4
K2∇n−12 K1 = Hn
3 n+3
2
n−5
2
(n−3
4
K2 ∪K1)∇n+12 K1
3 n+5
2
n−7
2
n−3
4
K2∇n+32 K1
0 n+2
2
n−4
2
n
4
K2∇n2K1 = Hn
0 n+4
2
n−6
2
(n−4
4
K2 ∪K1)∇n+22 K1
2 n+2
2
n−4
2
(n−2
4
K2 ∪K1)∇n2K1 = Hn
2 n+4
2
n−6
2
n−2
4
K2∇n+22 K1
the trace of B1Π, which is impossible because ϕ(B
1
Π,−n) = −34n3− n2 + 14n− 12 < 0.
Thus ρA((
n−1
4
K2∪K1)∇n−12 K1) = λ1(B1Π) < n+12 ≤ ρA(Hn) by Lemma 5. Similarly,
one can also verify that ρA((
n−5
4
K2∪K1)∇n+32 K1) < ρA(Hn). Thus we have G = Hn
if n ≡ 1 mod 4. For n 6≡ 1 mod 4, by using the same method, we find that Hn also
has the maximum adjacency spectral radius. Therefore, we conclude that G = Hn
in this situation.
Subcase 1.2. b = 1.
In this situation, we have G = G(du − 3, 1, c, d) or G(du − 3, 1, c, d) − e, where
e is some edge between N(u) and N2(u) in G(du − 3, 1, c, d). We claim that c ≤ 1
because G is wheel-free. If c = 0, both G(du− 3, 1, c, d) and G(du− 3, 1, c, d)− e are
wheel-free, thus we conclude that G = G(du−3, 1, 0, d¯u) = G(du−3, 1, 0, n−1−du)
by considering that G has the maximum spectral radius among all wheel-free graphs.
By simple observation, we see that A(G(du − 3, 1, 0, n − 1 − du)) has the equitable
quotient matrix
BΠ =

0 1 du − 3 1 1 0
1 0 du − 3 1 0 0
1 1 0 0 0 n− 1− du
1 1 0 0 1 n− 1− du
1 0 0 1 0 n− 1− du
0 0 du − 3 1 1 0

{u}
{u0}
{u1, . . . , udu−3}
{v1}
{w1}
{z1, . . . , zn−1−du}
By a simple computation, the characteristic polynomial of B1Π is equal to
ϕ(BΠ, x) = x
6 + (d2u − (n+ 2)du + n)x4 + (4− 2n)x3
− (3d2u − (3n+ 6)du + 6n+ 3)x2 + (2n− 8)x+ d2u − (n+ 2)du + 3n− 3.
11
Since du ∈ {n+12 , n+22 , n+32 , n+42 , n+52 } by (P1), one can verify that ϕ(BΠ,
√
n2−3+1
2
) >
0. Thus we have λ1(BΠ) <
√
n2−3+1
2
or λ2(BΠ) >
√
n2−3+1
2
. We shall prove that the
later case cannot occur. Let D = diag(1, 1, du − 3, 1, 1, n− 1− du). Then
B˜Π = D
1
2BΠD
− 1
2
=

0 1
√
du−3 1 1 0
1 0
√
du−3 1 0 0√
du−3
√
du−3 0 0 0
√
(du−3)(n−1−du)
1 1 0 0 1
√
n−1−du
1 0 0 1 0
√
n−1−du
0 0
√
(du−3)(n−1−du)
√
n−1−du
√
n−1−du 0

is symmetric, and has the same eigenvalues as BΠ. Let B˜
′
Π be the matrix obtained
by deleting the third row and column from B˜Π. By Cauchy interlacing theorem and
Lemma 4, we have
λ2(BΠ) = λ2(B˜Π) ≤ λ1(B˜′Π)
≤ max
{√
n− 1− du + 3, 2
√
n− 1− du
}
<
√
n2 − 3 + 1
2
,
because du ∈ {n+12 , n+22 , n+32 , n+42 , n+52 }. Therefore, we conclude that ρA(G) =
λ1(BΠ) <
√
n2−3+1
2
< ρA(Hn) by Lemma 5, contrary to our assumption.
If c = 1, since G is wheel-free, we must have G = G(du − 3, 1, 1, d¯u − 2) − e =
G(du − 3, 1, 1, n − 3 − du) − e, where e is an edge between {v1, w1} and {x1, y1} in
G(du− 3, 1, 1, n− 3− du). By symmetry, we may assume that e = v1x1 or e = w1y1.
Observe that A(G(du−3, 1, 1, n−3−du)−v1x1) and A(G(du−3, 1, 1, n−3−du)−w1y1)
have the equitable quotient matrices
B1Π =

0 1 du − 3 2 0
1 0 du − 3 1 0
2 2 0 0 n− 3− du
2 1 0 1 n− 3− du
0 0 du − 3 2 0

{u, y1}
{u0, x1}
{u1, . . . , udu−3}
{v1, w1}
{z1, . . . , zn−3−du}
and
B2Π =

0 1 du − 3 1 1 0
1 0 du − 3 1 0 0
2 2 0 0 0 n− 3− du
2 2 0 0 1 n− 3− du
2 0 0 1 0 n− 3− du
0 0 du − 3 1 1 0

{u, x1}
{u0, y1}
{u1, . . . , udu−3}
{v1}
{w1}
{z1, . . . , zn−3−du}
respectively. Since du ∈ {n+12 , n+22 , n+32 , n+42 , n+52 }, by a simple computation we find
that ϕ(BiΠ,
√
n2−3+1
2
) > 0 for i = 1, 2. By using the same method as above, we can
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deduce that λ1(B
i
Π) <
√
n2−3+1
2
. Thus ρA(G) < ρA(Hn) by Lemma 5, which is also
impossible by the assumption.
Subcase 1.3. 2 ≤ b ≤ du−2
2
.
In this situation, we have G = G(du− 2b− 1, b, c, d) or G(du− 2b− 1, b, c, d)− e,
where e is some edge between N(u) and N2(u) in G(du − 2b − 1, b, c, d). Since G
is wheel-free, we claim that c = 0. Notice that both G = G(du − 2b − 1, b, 0, d)
and G(du − 2b − 1, b, 0, d) − e are wheel-free. Thus we may conclude that G =
G(du− 2b− 1, b, 0, d) = G(du− 2b− 1, b, 0, d¯u) = G(du− 2b− 1, b, 0, n− 1− du). We
see that A(G(du − 2b− 1, b, 0, n− 1− du)) has the equitable quotient matrix
BΠ =

0 1 du − 2b− 1 b b 0
1 0 du − 2b− 1 b 0 0
1 1 0 0 0 n− 1− du
1 1 0 0 1 n− 1− du
1 0 0 1 0 n− 1− du
0 0 du − 2b− 1 b b 0

{u}
{u0}
{u1, . . . , udu−2b−1}
{v1, . . . , vb}
{w1, . . . , wb}
{z1, . . . , zn−1−du}
and the characteristic polynomial of BΠ is equal to
ϕ(BΠ, x) = x
6 + (d2u − (n+ 2)du + n+ b− 1)x4 + ((2b− 2)du + 2b+ 2− 2bn)x3
− ((b+ 2)d2u − (b2 + (b+ 2)n+ 3b+ 2)du + (b+ 1)(b+ 2)n+ 4b− 1)x2
+ ((2− 2b)du + (2n− 6)b− 2)x+ d2u − (n+ 2b)du + (2b+ 1)(n− 1).
Since du ∈ {n+12 , n+22 , n+32 , n+42 , n+52 } by (P1) and 2 ≤ b ≤ du−22 , one can verify that
ϕ(BΠ,
√
n2−3+1
2
) > 0. Thus we have λ1(BΠ) <
√
n2−3+1
2
or λ2(BΠ) >
√
n2−3+1
2
. We
claim that the later case cannot occur. As above, let D = diag(1, 1, du − 2b −
1, b, b, n− 1− du). Then
B˜Π = D
1
2BΠD
− 1
2
=

0 1
√
du−2b−1
√
b
√
b 0
1 0
√
du−2b−1
√
b 0 0√
du−2b−1
√
du−2b−1 0 0 0
√
(du−2b−1)(n−1−du)√
b
√
b 0 0 1
√
b(n−1−du)√
b 0 0 1 0
√
b(n−1−du)
0 0
√
(du−2b−1)(n−1−du)
√
b(n−1−du)
√
b(n−1−du) 0

is symmetric, and has the same eigenvalues as BΠ. Let B˜
′
Π be the matrix obtained
by deleting the last row and column from B˜Π. Then we have
λ2(BΠ) = λ2(B˜Π) ≤ λ1(B˜′Π)
≤ max
{√
du − 2b− 1 + 2
√
b+ 1, 2
√
du − 2b− 1
}
<
√
n2 − 3 + 1
2
,
13
where the last inequality also follows from the fact that du ∈ {n+12 , n+22 , n+32 , n+42 , n+52 }
and 2 ≤ b ≤ du−2
2
. Hence, we obtain ρA(G) = λ1(BΠ) <
√
n2−3+1
2
< ρA(Hn) by
Lemma 5, a contradiction.
Subcase 1.4. b = du−1
2
.
In this situation, we have G = G(0, du−1
2
, c, d) or G(0, du−1
2
, c, d) − e, where e is
some edge between N(u) and N2(u) in G(0,
du−1
2
, c, d). Also, we claim that c = 0.
Since both G = G(0, du−1
2
, 0, d) or G(0, du−1
2
, 0, d) − e are wheel-free, we must have
G = G(0, du−1
2
, 0, d) = G(0, du−1
2
, 0, n−1−du). We see that A(G(0, du−12 , 0, n−1−du))
has the equitable quotient matrix
BΠ =

0 1 du−1
2
du−1
2
0
1 0 du−1
2
0 0
1 1 0 1 n− 1− du
1 0 1 0 n− 1− du
0 0 du−1
2
du−1
2
0

{u}
{u0}
{v1, . . . , v du−1
2
}
{w1, . . . , w du−1
2
}
{z1, . . . , zn−1−du}
and the characteristic polynomial of BΠ is equal to
ϕ(BΠ, x) = x
5 + (d2u − (n+
3
2
)du + n− 3
2
)x3 + (d2u − (n+ 2)du + n+ 1)x2
− (d
3
u
4
− (n
4
− 1
2
)d2u − (
n
2
− 5
4
)du +
3n
4
− 3)x− d2u + ndu − n+ 1.
Since du ∈ {n+12 , n+22 , n+32 , n+42 , n+52 } by (P1), one can verify that ϕ(BΠ,
√
n2−3+1
2
) >
0. Thus λ1(BΠ) <
√
n2−3+1
2
or λ2(BΠ) >
√
n2−3+1
2
. Once again, the later case cannot
occur. Let D = diag(1, 1, du−1
2
, du−1
2
, n− 1− du). Then
B˜Π = D
1
2BΠD
− 1
2
=

0 1
√
du−1
2
√
du−1
2
0
1 0
√
du−1
2
0 0√
du−1
2
√
du−1
2
0 1
√
(du−1)(n−1−du)
2√
du−1
2
0 1 0
√
(du−1)(n−1−du)
2
0 0
√
(du−1)(n−1−du)
2
√
(du−1)(n−1−du)
2
0

is symmetric, and has the same eigenvalues as BΠ. Let B˜
′
Π be the matrix obtained
by deleting the last row and column from B˜Π. Then we obtain
λ2(BΠ) = λ2(B˜Π) ≤ λ1(B˜′Π)
≤ 2
√
du − 1
2
+ 1
<
√
n2 − 3 + 1
2
by considering that du ∈ {n+12 , n+22 , n+32 , n+42 , n+52 }. Therefore, we have ρA(G) =
λ1(BΠ) <
√
n2−3+1
2
< ρA(Hn) by Lemma 5, contrary to our assumption.
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Case 2. pu = 0.
In this case, G[N(u)] is P3-free, and so we have G[N(u)] = aK2∪ bK1, where a, b
are nonnegative integers such that 2a+ b = du. First we shall prove that a > 0. In
fact, if a = 0, i.e., G[N(u)] is an empty graph, then
Ru = du + 2e(G[N(u)]) + e(N(u), N2(u)) ≤ du + dud¯u = −d2u + ndu.
By Claim 1, we deduce that
d2u − ndu +
(n+ 1)2 − 1
4
≤ 0,
which is impossible because ∆ = n2− ((n+ 1)2−1) = −2n < 0. Next we claim that
G[N2(u)] is also P3-free. If not, since G[N(u)] contains at least one edge (a > 0),
we must have e(N(u), N2(u)) ≤ dud¯u − 1 by Fact 2, and so
Ru = du + 2(du − ωu) + e(N(u), N2(u))
≤ du + 2(du − du
2
) + dud¯u − 1
= −d2u + (n+ 1)du − 1.
Combining this with Claim 1 yields that
d2u − (n+ 1)du + 1 +
(n+ 1)2 − 1
4
≤ 0,
which is impossible because ∆ = (n+ 1)2 − 4(1 + (n+1)2−1
4
) = −3 < 0. Thus we can
suppose that G[N2(u)] = cK2 ∪ dK1, where c, d are nonnegative integers such that
2c+d = d¯u = n−1−du. Then, again by Fact 2, we have e(N(u), N2(u)) ≤ dud¯u−ac,
and so
Ru ≤ du + 2(du − du
2
) + dud¯u − ac = −d2u + (n+ 1)du − ac.
Combining this with 1, we obtain
d2u − (n+ 1)du + ac+
(n+ 1)2 − 1
4
≤ 0, (3)
which implies that c = 0 because a, c are integers and a > 0. Putting c =
0 in (3), we obtain du =
n
2
, n+1
2
or n+2
2
. Also, by above arguments, we must
have e(N(u), e(N2(u))) = dud¯u. Concluding these results, we obtain G = (aK2 ∪
bK1)∇(d¯u + 1)K1 = (aK2 ∪ bK1)∇(n − du)K1, where a > 0 and 2a + b = du ∈
{n
2
, n+1
2
, n+2
2
}. Notice that (aK2 ∪ bK1)∇(n − du)K1 is wheel-free. By considering
that G has the maximum adjacency spectral radius among all wheel-free graphs, we
conclude that G = (bdu
2
cK2∪(du−2bdu2 c)K1)∇(n−du)K1, where du ∈ {n2 , n+12 , n+22 }.
In Table 2, we list all possible forms of G. For n ≡ 1 mod 4, according to the anal-
ysis Case 1.1 and Table 1, we have ρA(G) = ρA((
n−1
4
K2 ∪K1)∇n−12 K1) < ρA(Hn),
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Table 2: All possible forms of G = (bdu
2
cK2 ∪ (du − 2bdu2 c)K1)∇(n− du)K1.
n mod 4 du G
1 n+1
2
(n−1
4
K2 ∪K1)∇n−12 K1
3 n+1
2
n+1
4
K2∇n−12 K1 = Hn
0 n
2
n
4
K2∇n2K1 = Hn
0 n+2
2
(n
4
K2 ∪K1)∇n−22 K1
2 n
2
(n−2
4
K2 ∪K1)∇n2K1 = Hn
2 n+2
2
n+2
4
K2∇n−22 K1
a contradiction. For n ≡ 3 mod 4, we have G = Hn, as required. For n ≡ 0 mod 4
and n ≡ 2 mod 4, as in Case 1.1, one can verify that the graph Hn always has the
maximum adjacency spectral radius.
We complete the proof.
Now we give the proof of Theorem 2.
Proof of Theorem 2. Assume that G is a graph attaining the maximum signless
Laplacian spectral radius among all wheel-free graphs of order n. As in the proof
of Theorem 1, we claim that G is connected. Since K2∇(n− 2)K1 is wheel-free, by
Lemma 6, we have
ρQ(G) ≥ ρQ(K2∇(n− 2)K1) = n+ 2 +
√
(n+ 2)2 − 16
2
,
which gives that
ρ2Q(G)− (n+ 2)ρQ(G) + 4 ≥ 0. (4)
Let Q∗(G) = Q2(G)− (n+ 2)Q(G) + 4In. Clearly, ρ2Q(G)− (n+ 2)ρQ(G) + 4 is an
eigenvalue of Q∗(G) with an eigenvector all of whose entries are nonnegative. Let R∗v
be the row sum of Q∗(G) corresponding to v ∈ V (G), and let R∗u = maxv∈V (G) R∗v.
By Lemma 4 and (4), we have
R∗u ≥ ρ2Q(G)− (n+ 2)ρQ(G) + 4 ≥ 0. (5)
On the other hand, we see that
R∗u = 2d
2
u + 2[du + 2e(G[N(u)]) + e(N(u), N2(u))]− 2(n+ 2)du + 4
≤ 2d2u + 2[du + 2(du − ωu) + dud¯u]− 2(n+ 2)du + 4
≤ 2d2u + 2[du + 2(du − 1) + du(n− 1− du)]− 2(n+ 2)du + 4
= 0,
(6)
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where d¯u = |N2(u)| and ωu are defined as in the proof of Theorem 1. Combining
(5) and (6), we obtain ωu = 1 (i.e., G[N(u)] is a tree), d¯u = n − 1 − du (i.e.,
V (G) = {u}∪N(u)∪N2(u)) and e(N(u), N2(u)) = dud¯u (that is, the edges between
N(u) and N2(u) form a complete bipartite graph). We consider the following two
cases.
Case 1. N2(u) = ∅.
In this situation, from the above arguments we have G = K1∇G[N(u)], where
G[N(u)] is a tree of order n − 1. If G(N [u]) = K1,n−2, then G = K2∇(n − 2)K1,
as required. Now suppose G(N [u]) 6= K1,n−2. Let x be the unit positive eigenvector
(or Perron vector) of Q(G) corresponding to ρQ(G), and let xv0 = maxv∈N(u) xv.
For k ≥ 1, let N∗k (v0) denote the set of vertices at distance k from v0 in G[N(u)].
Since G[N(u)] is a tree, we observe that N∗k (v0) is an independent set of G[N(u)],
and each vertex of N∗k (v0) has exactly one neighbor in N
∗
k−1(v0). Let G
′ be the
graph obtained from G by deleting those edges not incident with v0 in G[N(u)] and
connecting v0 with all the resulting isolated vertices (in G[N(u)]). It is clear that
G′ = K2∇(n− 2)K1. Then we have
ρQ(G) = x
TQ(G)x
=
∑
vw∈E(G)
(xv + xw)
2
=
∑
v∈N(u)
(xu + xv)
2 +
∑
vw∈E(G[N(u)])
(xv + xw)
2
=
∑
v∈N(u)
(xu + xv)
2 +
∑
w∈N(v0)
(xv0 + xw)
2 +
d∗−1∑
i=1
∑
vivi+1∈E(N∗i (v0),N∗i+1(v0))
(xvi + xvi+1)
2
≤
∑
v∈N(u)
(xu + xv)
2 +
∑
w∈N(v0)
(xv0 + xw)
2 +
d∗−1∑
i=1
∑
vivi+1∈E(N∗i (v0),N∗i+1(v0))
(xv0 + xvi+1)
2
=
∑
v∈N(u)
(xu + xv)
2 +
∑
w∈N(v0)
(xv0 + xw)
2 +
d∗−1∑
i=1
∑
vi+1∈N∗i+1(v0)
(xv0 + xvi+1)
2
=
∑
v∈N(u)
(xu + xv)
2 +
∑
vw∈E(G′[N(u)])
(xv + xw)
2
=
∑
vw∈E(G′)
(xv + xw)
2
= xTQ(G′)x
≤ ρQ(G′),
where d∗ ≥ 3 is the diameter of G[N(u)]. We claim that ρQ(G) < ρQ(G′) =
ρQ(K2∇(n− 2)K1). In fact, if ρQ(G) = ρQ(G′), then from the above inequality and
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the Perron-Frobenius theorem we see that x is an eigenvector of Q(G′) corresponding
to ρQ(G
′) and xv = xv0 for any non-pendant vertex v of G[N(u)]. Let v be a non-
pendant neighbor of v0 in G[N(v)] (such a vertex exists because d
∗ ≥ 3). Notice
that v has degree 1 in G′[N(u)]. By considering the eigenvalue-eigenvector equation
of Q(G′) with respect to ρQ(G′) and x at v0 and v, we have
ρQ(G
′)xv0 = (n− 1)xv0 +
∑
w∈N(u)\{v0}
xw + xu,
ρQ(G
′)xv = 2xv + xv0 + xu,
which is impossible because n ≥ 4, v ∈ N(u) \ {v0} and xv = xv0 . Therefore, in this
situation, we conclude that G = K2∇(n− 2)K1.
Case 2. N2(u) 6= ∅.
In this situation, we see that G[N(u)] is P3-free because G is wheel-free. Thus
G[N(u)] = K1 or K2 by the above arguments. If G[N(u)] = K1, then du = 1. Let
v0 be the unique neighbor of u. Then dv0 = n− 1. Since G[N(v0)] must be a forest
(with at least two components), according to the proof of Case 1, we conclude that
ρQ(G) < ρQ(K2∇(n− 2)K1). If G[N(u)] = K2, then N2(u) must be an independent
set by Fact 2, and so we obtain G = K2∇(n− 2)K1.
We complete the proof.
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